Let E n k be the Siegel Eisenstein series of degree n and weight k. Garrett showed a formula of E p+q k on H p × H q , where H n is the Siegel upper half space of degree n. This formula was useful for investigating the Fourier coefficients of the Klingen Eisenstein series and the algebraicity of the space of Siegel modular forms and of special values of the standard L-functions. We would like to generalize this formula in the case of vector valued Siegel modular forms. In this paper, using a differential operator D by Ibukiyama which sends a scalar valued Siegel modular form to the tensor product of two vector valued Siegel modular forms, under a certain condition, we give a formula of DE p+q k and investigate the Fourier coefficients of the Klingen Eisenstein series.
Introduction
Let E n k be the Siegel Eisenstein series of degree n and weight k, i.e., Using this, Böcherer [1] studied Fourier coefficients of Klingen Eisenstein series. In [2, 4] , using a differential operator, Garrett's pullback formula was generalized in special cases. In this paper, using a differential operator generalized by Ibukiyama [7] , we prove Garrett's pullback formula for vector valued Siegel modular forms under a certain condition and study Fourier coefficients of Klingen Eisenstein series. The main theorem is as follows.
Theorem 6.1. Let k be even and k
is homogeneous in X with the underlying set I and pluri-harmonic for Δ * (2k) and Δ * (2k), then Remark. The constant c r is explicitly determined in the alternating tensor valued case. See Section 8.
Notations
Let GL(n, R) be the group consisting of all invertible elements of M(n, R). We denote by S
(n) >0
(respectively S (n) 0 ) the set of all semi-integral positive (respectively semi-positive) matrices of size n. If A is an n-by-n matrix, we indicate this by A (n) .
Let n and r be integers with r n. Let Sp(n, R) be the symplectic group
and P n,r a parabolic subgroup of Sp(n, R)
Vector valued Siegel modular forms
Let (ρ, V ρ ) be a polynomial representation of GL(n, C) on a finite-dimensional complex vector space V ρ . We fix a Hermitian inner product ·,· on V ρ such that
, and H n the Siegel upper half space of degree n.
and for a V ρ -valued function f :
We write
The space of V ρ -valued Siegel modular forms of weight ρ is
f is holomorphic on H n (and its cusps) , and the space of cuspforms by
Define a modified Fourier coefficientã(T , f ) bỹ
where
For f, g ∈ M ∞ ρ , the Petersson inner product is defined by
where Y = Im Z if the right-hand side is convergent.
Klingen Eisenstein series
In this section we define Klingen Eisenstein series for vector valued Siegel modular forms (cf. Weissauer [12, Chapter 7] ) and recall some standard facts which follow essentially as in Klingen [9, Section 1] .
Let n and r be positive integers with r n, and k a positive even integer. Let (ρ n , V ρ n ) and (ρ r , V ρ r ) be polynomial representations of GL(n, C) and GL(r, C),
Here Γ n,r := P n,r ∩ Γ n and pr n r (Z) : [9, pp. 35-36] .) Under the assumption of Theorem 3.1, we have
Proposition 3.2. (Follows as in
where Φ n−r is the Siegel Φ-operator, i.e., [9, Satz 2] .) Let k be even and k > n + r + 1. If r < n, then we have
Proposition 3.3. (Follows as in
ρ n ρ r , g = 0 for any g ∈ S ρ n .
Links and differential operators
Fix an index set I . A non-ordered pair
For any link (α 1 , α 2 ), let X α 1 α 2 be an indeterminate. Define C[X; I ] to be the polynomial ring generated by
Furthermore for indeterminates Y α 1 α 2 , define C[X, Y ; I ] to be the polynomial ring generated by
is called a homogeneous polynomial if there exists a subset J of I such that
This subset J is called the underlying set. #J /2 is the degree of P and denoted by deg P . Let δ and Δ be indeterminates. For any link (α 1 , α 2 ), define a linear differential operator ∂ α 1 α 2 satisfying:
Then for k ∈ Z and L 0 ∈ L(I ), we have the following form:
Fix a positive integer l and index sets Let S l be the lth symmetric group. For σ ∈ S l , define permutations σ * and σ * on I by
And define a permutation ι on I by 
Using the permutation ι,
Proposition 4.1. If P(X) is a homogeneous polynomial in X with the underlying set I and pluriharmonic for Δ * (2k) and Δ * (2k), then there exists a homogeneous polynomial Q(X) in X such that
Proof. This is proved in Section 5. 2
Differential operators for Siegel modular forms
Let W j be a j -dimensional vector space
where e 1 , e 2 , . . . , e j are indeterminates. Let T l (W j ) be the lth tensor product of W j for a positive integer l, i.e., 
where δ μν is Kronecker's delta. Then ∂, δ and Δ satisfy (D1)-(D3) in Section 4. Let P(X) be a homogeneous polynomial with the underlying set I and pluri-harmonic for
is pluri-harmonic for each X 1 and X 2 , i.e., for
Using the same method as in [7] , we have:
Ibukiyama [7, Theorem 1] .) Let P(X) be a homogeneous polynomial with the underlying set I and pluri-harmonic for Δ * (2k) and Δ * (2k). For a C ∞ -function f : H p+q → C, g 1 ∈ Sp(p, R) and g 2 ∈ Sp(q, R), we have
, and
Proof of Proposition 4.1. Without loss of generality, n := p = q and n l. By Theorem 5.1,
By (4.1), we can write P(∂)(δ −k ) in the form
Substituting (5.2) into (5.1), the left-hand side of (5.1) is equal to
and the right-hand side is equal to
Put Z 0 = i1 2n and g, g * 1 g 2 * ∈ K, where
and
Here U(2n) denotes the unitary group of size 2n.
If L / ∈ L * * , then we can choose a j , b j and θ j such that 
where λ(T , f ) is the eigenvalue on f of the Hecke operator Γ r
Remark. By Böcherer [3, Theorem] ,
where ζ is the Riemann zeta function and L( * , f, St) the standard L-function attached to f .
Proof. Using the coset decomposition by Garrett [5] (see also 
